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Abstract. Strata in manifold stratiﬁed spaces are shown to have neighborhoods
that are teardrops of manifold stratiﬁed approximate ﬁbrations (under dimension
and compactness assumptions). This is the best possible version of the tubular
neighborhood theorem for strata in the topological setting. Applications are given to
replacement of singularities, to the structure of neighborhoods of points in manifold
stratiﬁed spaces, and to spaces of manifold stratiﬁed approximate ﬁbrations.
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1. Introduction. The foundations of differential topology include the tubular
neighborhood theorem: a smooth submanifold of a smooth manifold has a
neighborhood that is the total space of a disc bundle over the submanifold. For locally
ﬂattopologicalsubmanifolds,thebestresultaboutneighborhoods(inhighdimensions)
is due to Edwards [3]: the submanifold has a mapping cylinder neighborhood given by
am a nifold approximate ﬁbration (see also [14]).
Fors tratiﬁed spaces, the stratiﬁcations of Whitney are considered to be the correct
theoryinthesmoothcategory.ForWhitneystratiﬁedspaces,thetubularneighborhood
theorem of Thom [23]a n dM a ther [16], [17]s a y st h a te a c hs t r atum has a neigh-
borhood that isthetotalspace of a bundleover thestratum, and theﬁberof thebundle
is the cone on the stratiﬁed link (see Goresky and MacPherson [4]f or an exposition).
As is the case for submanifolds, the structure on the neighborhoods is not part of the
deﬁnition, and the proof of their existence is non-trivial.
In the topological category, Quinn [19]h a sintroduced a natural stratiﬁcation
theory. The purpose of this paper is to establish the existence of a type of tubular
neighborhood for strata in Quinn’s stratiﬁed spaces, or manifold stratiﬁed spaces.
MAIN THEOREM. LetX beamanifoldstratiﬁedspacewithastratumAsatisfying:
(1) A has compact closure cl(A) in X,
(2) if Y and Z are distinct strata of X with Z ⊆ cl(A) ∩ cl(Y),t h e ndimY ≥ 5.
Then A has an MSAF teardrop neighborhood in X.
Teardrop neighborhoods of A in X are generalizations of mapping cylinder
neighborhoods of A.I nstead of being determined by a map to A,t hey are determined
by a map to A × [0,∞). Such maps are not hard to come by; the real signiﬁcance is in
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the MSAF property. These initials stand for manifold stratiﬁed approximate ﬁbration,
an effective substitute for a ﬁber bundle.
Siebenmann [22] introduced a class of topologically stratiﬁed spaces earlier than
Quinn, but Siebenmann’s locally conelike spaces have proved to be too rigid to be
considered the true topological analogue of the Whitney stratiﬁcations. Nevertheless,
the Main Theorem above is new for Siebenmann’s spaces.
Hughes, Taylor, Weinberger and Williams [12]h a v ee s t a b lished the Main Theorem
in the case of manifold stratiﬁed spaces with two strata. Many of the methods of [12]
are used in the present paper.
Fora d ditional background information on the relationship among stratiﬁcations
in various categories, see the survey paper by Hughes and Weinberger [15]. The Main
Theoremwasannouncedin[6]andthatpapershouldbeconsultedforstatementsabout
applications. Also announced in [6]i satheory of neighborhoods of closed unions of
strata.Thattheory,whichusesthepresentresultsinacrucialway,hasrecentlyappeared
in [10]. In that paper, MSAF teardrop neighborhoods are called approximate tubular
neighborhoods.
Ih aveb eneﬁted greatly from the interest of my collaborators on related projects:
Andrew Ranicki, Larry Taylor, Shmuel Weinberger, and, especially, Bruce Williams.
2. Manifold stratiﬁed spaces. This section contains the basic deﬁnitions from the
theory of stratiﬁcations as presented in [6], [7], [8], [9], [12], [19].
DEFINITION2.1.AstratiﬁcationofaspaceX consistsofanindexsetI andalocally
ﬁnite partition {Xi}i∈I of locally closed subspaces of X (the Xi are pairwise disjoint
and their union is X). For i ∈ I, Xi is called the i-stratum and the closed set
Xi =∪ { Xk | Xk ∩ cl(Xi)  =∅ }
is called the i-skeleton.W es a yt h a tX is a space with a stratiﬁcation.
For a space X with a stratiﬁcation {Xi}i∈I,d e ﬁne a relation ≤ on the index set
I by i ≤ j if and only if Xi ⊆ cl(Xj). The Frontier Condition is satisﬁed if for every
i,j ∈ I, Xi ∩ cl(Xj)  =∅implies Xi ⊆ cl(Xj), in which case ≤ is a partial ordering of I
and Xi = cl(Xi)f o reach i ∈ I.
Am ap between spaces with stratiﬁcations is stratump r e s e rving if it takes strata
into strata.
IfX isaspacewithastratiﬁcation,thenamapf : Z × A → X isstratumpr eserving
along A if for each z ∈ Z, f({z}×A) lies in a single stratum of X.I np a r t i c ular, a map
f : Z × I → X is a stratum preserving homotopy if f is stratum preserving along I.A
homotopy f : Z × I → X whose restriction to Z × [0,1) is stratum preserving along
[0,1) is said to be nearly stratum preserving.
DEFINITION 2.2. Let X be a space with a stratiﬁcation {Xi}i∈I and Y ⊆ X.
(1) Y is forwardt ame in X if there exist a neighborhood U of Y in X and a
homotopy h : U × I → X such that h0 = inclusion : U → X, ht|Y = inclusion : Y →
X for each t ∈ I,h1(U) = Y,a n dh((U\Y) × [0,1)) ⊆ X\Y.
(2) The homotopy link of Y in X is deﬁned by
holink(X,Y) ={ ω ∈ XI | ω(t) ∈ Y if and only if t = 0}.STRATA IN MANIFOLD STRATIFIED SPACES 3
(3) Y is stratiﬁed forward tame in X if there exist a neighborhood U of Y in X
and a nearly stratum preserving homotopy h : U × I → X such that h0 = inclusion :
U → X, ht|Y = inclusion : Y → X for each t ∈ I and h1(U) = Y.
(4) The stratiﬁed homotopy link of Y in X is deﬁned by
holinks(X,Y) ={ ω ∈ holink(X,Y) | for some i,ω (t) ∈ Xi for all t ∈ (0,1]}.
(5) Let x0 ∈ Xi ⊆ X.T h elocal holink at x0 is
holink(X,x0) ={ ω ∈ holinks(X,Xi) | ω(0) = x0}.
Allpathspacesaregiventhecompact-opentopology.Evaluationat0deﬁnesmaps
q : holink(X,Y)→Y and q : holinks(X,Y)→Y, both called holink evaluation.T h e r e
is a natural stratiﬁcation of holinks(X,Y) into disjoint subspaces
holinks(X,Y)i ={ ω ∈ holinks(X,Y) | ω(1) ∈ Xi}.
The local holink at x0 ∈ Xi inherits a natural stratiﬁcation from holinks(X,Xi).
DEFINITION 2.3. A space X with a stratiﬁcation satisfying the Frontier Condition
is a manifold stratiﬁed space if the following four conditions are satisﬁed:
(1) Forward Tameness. For each k>i,t h es t ratum Xi is forward tame in Xi ∪ Xk.
(2) Normal Fibrations. For each k>i,t he holink evaluation
q : holink(Xi ∪ Xk,Xi) → Xi
is a ﬁbration.
(3) CompactlyDominatedLocalHolinks.For each iandeachx0 ∈ Xi,thereexista
compactsubsetC ofthelocalholinkholink(X,x0)andastratumpreservinghomotopy
h : holink(X,x0) × I → holink(X,x0)
such that h0 = id and h1(holink(X,x0)) ⊆ C.
(4) Manifold strata property. X is a locally compact, separable metric space, each
stratum Xi is a topological manifold (without boundary) and X has only ﬁnitely many
nonempty strata.
IfX isonlyrequiredtosatisfyconditions(1)and(2),thenX isahomotopicallystratiﬁed
space.
REMARK.T he deﬁnition of manifold stratiﬁed space given above agrees with the
one given in [6]e x cept that the local holinks condition is apparently weaker than the
compactly dominated holinks property stated there. The current formulation should
be considered the correct one and agrees with [9]. I plan to clarify the relationship
between these conditions and the reverse tameness condition of Quinn in a future
paper. For more information, see [19,P r o p .2 . 15, Lem. 4.6] and [11,C h a p .8,9].
DEFINITION 2.4. Let X and Y be spaces with stratiﬁcations {Xi}i∈I and {Yj}j∈J,
respectively, and let p : X → Y be a map.
(1) p is a stratiﬁed ﬁbration provided that given any space Z and any commuting
diagram
Z
f
− − − −−→ X
×0
   
   p
Z × I
F
− − − −−→ Y4B RUCE HUGHES
with F as tratum preserving homotopy, there exists a stratiﬁed solution; i.e., a stratum
preserving homotopy ˜ F : Z × I → X such that ˜ F(z,0) = f(z)f o reach z ∈ Z and p ˜ F =
F.T h ediagram above is a stratiﬁed homotopy lifting problem.
(2) p is a stratiﬁed approximate ﬁbration provided that given any stratiﬁed
homotopy lifting problem, there exists a stratiﬁed controlled solution; i.e., a map
˜ F : Z × I × [0,1) → X thatisstratumpreservingalongI × [0,1)suchthat ˜ F(z,0,t) =
f(z)f o re a ch (z,t) ∈ Z × [0,1) and the function ¯ F : Z × I × I → Y deﬁned by
¯ F|Z × I × [0,1) = p ˜ F and ¯ F|Z × I ×{ 1}=F × id{1} is continuous.
(3) pisamanifoldstratiﬁedapproximateﬁbration(MSAF)ifX andY aremanifold
stratiﬁed spaces and p is a proper stratiﬁed approximate ﬁbration.
(4) If α is an open cover of Y,t h e np is a stratiﬁed α-ﬁbration provided that
given any stratiﬁed homotopy lifting problem, there exists a stratiﬁed α-solution; i.e., a
stratum preserving homotopy ˜ F : Z × I → X such that ˜ F(z,0) = f(z)f o reach z ∈ Z
and p ˜ F is α-close to F.
(5) p is a manifold approximate ﬁbration (MAF) if p is a MSAF and X and Y
have only one stratum each; i.e., X and Y are manifolds.
REMARKS.(1)In[8]and[9]themap ¯ F inDeﬁnition2.4(2)wasincorrectlyassumed
to be stratum preserving along I × I.T h er e s ults in [8]a n d[ 9]a r ec o rrect when this
modiﬁcationismade.Atanyrate,thisdistinctionisnotimportantinthispaperbecause
the results here concern spaces Y with only a single stratum.
(2) In the case that Y is unstratiﬁed (that is, consists of a single stratum) and is an
ANR and p : X → Y is a stratiﬁed α-ﬁbration for every open cover α of Y,t h e np is a
stratiﬁed approximate ﬁbration. See [13,L e m .12.11]. The converse is essentially true
as well, but we do not need it. See [13,L e m .12.10].
The following result illustrates properties of manifold stratiﬁed spaces, which will
be used repeatedly.
THEOREM 2.5 ([7], [19]). Let X be a manifold stratiﬁed space and let Y ⊆ Xb ea
closed union of some of the strata of X. Then:
(1) Yi ss t r a t iﬁed forward tame in X, and
(2) the evaluation q : holinks(X,Y)→Yi sas t r a tiﬁed ﬁbration.
3. Teardropneighborhoods. Thissectioncontainsthebasicteardropconstruction
as well as a reduction of the proof of the Main Theorem to a special case.
Given spaces X, Y and a map p : X → Y × ,t h eteardrop of p is the space
denoted by X ∪p Y whose underlying set is the disjoint union X   Y with the minimal
topology such that
(1) X ⊂ X ∪p Y is an open embedding, and
(2) the function c : X ∪p Y → Y × (−∞,+∞]d e ﬁned by
c(x) =
 
p(x), if x ∈ X
(x,+∞), if x ∈ Y
is continuous.
This is a generalization of the construction of the open mapping cylinder of a map
g : X → Y.Namel y ,
◦
cyl(g)istheteardrop(X × ) ∪g×id Y.Ho w e v er ,notallteardrops
are open mapping cylinders because not all maps to Y ×  can be split as a product.
See [12]f or more about the teardrop construction.STRATA IN MANIFOLD STRATIFIED SPACES 5
If X is a space with a stratiﬁcation and A ⊆ X,w es a yA has an MSAF teardrop
neighborhood in X if there is an open neighborhood U of A and an MSAF p : U\A→
A ×  such that the natural function (U\A) ∪p A → U is a homeomorphism. This
is equivalent to saying that p is an MSAF and the natural extension ˜ p : U → A ×
(−∞,+∞]i sc ontinuous. In this case, ˜ p is also an MSAF when A × (−∞,+∞]i s
given the natural stratiﬁcation (see [9,P r o p .7.1], [12]).
The following main result of [9]s h o w st h a tt h et eardrop construction yields
manifold stratiﬁed spaces.
THEOREM 3.1 [9]. If X and Y are manifold stratiﬁed spaces and p : X → Y ×  is
a manifold stratiﬁed approximate ﬁbration, then the teardrop X ∪p Yw i t ht h enatural
stratiﬁcation is a manifold stratiﬁed space.
The special case of the Main Theorem will now be stated.
THEOREM 3.2. The Main Theorem holds whenever cl(A)\Ac onsists of at most one
point.
The proof of Theorem 3.2 will be given in §7. The Main Theorem of §1f ollows
from Theorem 3.2 and the following result as is shown in Corollary 3.4 below.
PROPOSITION 3.3. If X is a manifold stratiﬁed space and Z is a compact union of
strataofX,thenthequotientspaceY = X/Zw iththenaturalstratiﬁcationisamanifold
stratiﬁed space.
Proof. Y has a single point stratum corresponding to {Z};t h eother strata are
homeomorphic to strata of X.T he forward tameness condition follows from the fact
thatZ isstratiﬁedforwardtameinX by Theorem2.5above.Thecompactlydominated
local holinks condition follows from Proposition 5.6 below.
COROLLARY 3.4. Theorem 3.2 implies the Main Theorem.
Proof. Let X and A be given as in the Main Theorem, let B = cl(A)a n dlet
Z = B\A.I fZ =∅ ,t hen the result follows immediately from Theorem 3.2. Otherwise
Z is compact and we form the quotient space Y = X/Z,w hich is a manifold stratiﬁed
space by Proposition 3.3. Moreover, Y has a stratum corresponding to A.T h e orem 3.2
implies that A has an MSAF teardrop neighborhood in Y. Since Y\{Z} is stratum
preserving homeomorphic to X\Z,t he result follows.
REMARK.T h e r eis also a version of the Main Theorem in which it is not assumed
that the stratum A has compact closure in X.L e tX be a manifold stratiﬁed space
with ﬁnitely many strata {Xi}i∈I and let A be a stratum of X.C onsider the one-point
compactiﬁcation X  = X ∪{ x∞} to be a space with a stratiﬁcation whose strata are
{Xi}i∈I ∪{ x∞}.A s s ume that
(1) X  is a manifold stratiﬁed space, and
(2) if Y is any stratum of X such that cl(A) ∩ cl(Y)  =∅ ,t hen dim(Y) ≥ 5.
Then it follows that A has an MSAF teardrop neighborhood in X.T his is because the
Main Theorem implies that A has an MSAF teardrop neighborhood in X . Note that
condition (1) is essentially a tameness condition at inﬁnity for the non-compact strata
of X.F or example, it says that the non-compact minimal strata of X are manifolds
with a tame end (see [11]).6B RUCE HUGHES
4. Stratiﬁed sucking. This section establishes sucking phenomena in a stratiﬁed
setting. This tool is due to Chapman [2]a nd was further developed in [5]. We will need
the following result of Quinn [19].
THEOREM4.1(StratiﬁedIsotopyExtension[19]). SupposeX isamanifoldstratiﬁed
space,Xi isaskeletonandU isanyneighborhoodofXi.Supposethatifthereexistindices
j<ks u c ht hat j ≤ i, then dim(Xk) ≥ 5.I fh: Xi × I → Xi × Ii sas t r a t u mp reserving
isotopy, then there exists an extension ˜ h : X × I → X × Io fht oas t r a t um-preserving
isotopysuchthat ˜ hissupportedonU.Moreover,ifC ⊆ V ⊆ Xw i t hCc l o s edandV open
andht|(V ∩ Xi) = inclusionforeacht ∈ I,then˜ hmaybechosensothat ˜ ht|C = inclusion
for each t ∈ I.
REMARKS.A sm entioned above, Quinn [19]h a sv e r iﬁed the Stratiﬁed Isotopy
Extension Theorem. The relative version is not stated in [19], but it follows from the
proof. See the relative version mentioned in the proof of Theorem 2.3 in [18]( w hich is
the basis for Quinn’s proof in [19]).
Form anifold stratiﬁed spaces with at most two strata, there is an independent
proof of the Stratiﬁed Isotopy Extension Theorem in [12], which also includes a
parameterized version. We plan to eventually provide a parameterized version for
manifoldstratiﬁedspaceswithanynumberofstrata(cf.[6]).Itwasoriginallyenvisioned
that the proof would be logically independent of [19]. However, that is not clear now.
It is important to realize that the present paper relies heavily on Quinn’s Stratiﬁed
Isotopy Extension Theorem.
THEOREM 4.2 (Stratiﬁed Sucking). Suppose X is a manifold stratiﬁed space with
no strata of dimension less than 5 and Y is a manifold without boundary. For every
open cover α of Y, there exists an open cover β of Y such that if p : X → Yi sap r oper
stratiﬁedβ-ﬁbration, thenpisproperly α-homotopic toamanifold stratiﬁedapproximate
ﬁbration.
REMARK.C h a pman [2]h a sv e r iﬁed Theorem 4.2 in the special case that X is a
manifold and we rely on his proof below.
Proof of Theorem 4.2. Once the appropriate engulﬁng results are established
[2, §3], the proof follows an outline that is now quite familiar: wrapping up [2, §4],
handle lemmas [2, §5] and, ﬁnally, the proof follows by making improvements over
handles and taking a limit of βn-ﬁbrations [2, §6]. Observe that the limit argument of
[2, §6] is still valid because we are assuming that Y is unstratiﬁed (i.e., Y consists of a
single stratum), so there is no problem with limits of solutions collapsing onto lower
strata. We also need to use the remark following Deﬁnition 2.4 above to conclude that
the limit is a stratiﬁed approximate ﬁbration.
In order for Chapman’s machine to work in the current context we need to make
sure that the necessary engulﬁng isotopies exist. As in [2, §3], we are considering maps
p| : X\Xi → Y where Y has an  factor. Certain isotopies in the  direction need to
be lifted to X.T he key engulﬁng lemma is stated below.
To concludethissection,westateandindicatetheproofofthekeyengulﬁnglemma
that is needed to start Chapman’s machine and obtain Theorem 4.2. For notation, Z
is a compact polyhedron and Y is a space that contains Z ×  as an open subset.
Projection onto Z is denoted by p1.STRATA IN MANIFOLD STRATIFIED SPACES 7
LEMMA 4.3. Suppose X is a manifold stratiﬁed space with no strata of dimension
less than 5.F o re v e r y >0 there exists δ>0 so that if p : X → Yi sap r oper stratiﬁed δ-
ﬁbrationoverZ × [−3,3],thenthereisastratumpreservinghomeomorphismh : X → X
such that
(1) p−1(Z × (−∞,1]) ⊆ hp−1(Z × (−∞,0)),
(2) there is a stratum preserving isotopy hs :i d X   h, 0 ≤ s ≤ 1 that is a (p1p)−1( )-
homotopy supported on p−1(Z × [−2,2]).
Proof. Chapman’s proof of the corresponding unstratiﬁed result [2,L e m .3 . 4 ]i st o
work locally in Z, obtaining a ﬁnite number of isotopies, which are then composed.
In the stratiﬁed case, one also works locally in Z,w h i c he nsures that the ﬁnal isotopy
is small when measured in Z.T he new wrinkle is to work inductively up through
the strata of X.E a c ht ime the isotopy is deﬁned on a stratum, use Theorem 4.1 to
extend it to a neighborhood of the corresponding skeleton (the relative version is
needed here because we are working locally in Z). At the next step the isotopy on X
can be constructed to agree with the lifted isotopy on the previous skeleton (cf. the
“Concluding Remarks” of [2, §3]). (In reading the proof of Chapman’s Lemma 3.3,
take note that the last sentence of the ﬁrst paragraph in the proof should read “...lies
in the complement of f −1( (v)).”)
5. Compactly dominated local holinks. In this section let X be a locally compact,
homotopically stratiﬁed metric space with only ﬁnitely many strata. Further suppose
that the strata are ANRs and that X has compactly dominated local holinks. Let A be
as t r a t um of X such that B = cl(A)i sc ompact. Recall from [7]t h a t
Pnsp(X,B) ={ ω ∈ XI | ω(0) ∈ B and ω is nearly stratum preserving
in the sense that ω((0,1]) lies in a single stratum of X}.
ThestratiﬁcationofX inducesanaturalstratiﬁcationofPnsp(X,B)inwhichthestratum
of a path ω is determined by the stratum of X that contains its terminal point ω(1). Let
holinks
+(X,B) = holinks(X,A) ∪{ ω ∈ (B\A)I | ω is a constant path}.
We interpret holinks
+(X,B)a sholinks(X,A) ∪ (B\A), where each point in B\A is
identiﬁed with the constant path at that point. Note that holinks
+(X,B) ⊆ Pnsp(X,B)
and as such inherits a natural stratiﬁcation.
Let d be a metric for X and let δ : B → [0,+∞)b eam a ps uch that δ−1(0) = B\A.
Let
holinks
δ(X,A) ={ ω ∈ holinks(X,A) | d(ω(0),ω(t))<δ(ω(0)) for all t ∈ I},
holinks
δ(X,B) = holinks
δ(X,A) ∪ (B\A) ⊆ holinks
+(X,B).
LEMMA 5.1. The inclusion holinks
δ(X,B) → holinks
+(X,B) is a stratum preserving
ﬁber homotopy equivalence (both are spaces over B via the holink evaluation).
Proof. The technique of proof comes from Quinn [19,L e m .2 . 4 ( i ) ] .T h eidea is to
shrink paths along themselves towards their initial points. A partition of unity is used
to piece this local shrinking together to provide a homotopy inverse for the inclusion.8B RUCE HUGHES
LEMMA 5.2. The holink evaluation holinks
δ(X,A) → Ai sas t r a tiﬁed ﬁbration.
Proof. This follows from the fact that holink evaluation holinks(X,A) → A is a
stratiﬁed ﬁbration [7,C or. 6.2]: lifting problems for holinks
δ(X,A) → A have stratiﬁed
solutions in holinks(X,A); those solutions can be shrunk into holinks
δ(X,A)b y
another partition of unity construction. In particular, there is a stratum preserving
and ﬁber preserving deformation
β : holinks
+(X,B) × I → holinks
+(X,B)
such that
(1) β0 = id,
(2) β is rel B\A,
(3) (βtω)(s) ∈ ω(I)f o rall s,t ∈ I and ω ∈ holinks
+(X,B),
(4) β1(holinks
+(X,B)) ⊆ holinks
δ(X,B).
LEMMA 5.3. If h : holinks
δ(X,A) × I → holinks
δ(X,A) is any ﬁber preserving
homotopy, then h extends continuously to ˜ h : holinks
δ(X,B) × I → holinks
δ(X,B) via
the identity; that is, ˜ h(ωb,t) = ωb for all t ∈ Iw h e r eωb denotes the constant path at
b ∈ B\A.
Proof. It sufﬁces to show that the adjoint
ˆ h : holinks
δ(X,B) × I × I → X; ˆ h(ω,s,t) = ˜ h(ω,s)(t),
is continuous at points in (B\A) × I × I.T h u s ,l e t( ωb,s0,t0) ∈ (B\A) × I × I and
let (ωn,sn,tn) ∈ holinks
δ(X,A) × I × I,n = 1,2,3,... be a sequence converging to
(ωb,s0,t0). Since ˆ h(ωb,s0,t0) = b and ˆ h(ωn,sn,tn) = ˜ h(ωn,sn)(tn), we need to show
that ˜ h(ωn,sn)(tn) → b as n →∞ .B u tωn → ωb implies that ωn(0) → ωb(0) = b.
Also note d(˜ h(ωn,sn)(0), ˜ h(ωn,sn)(tn))<δ(˜ h(ωn,sn)(0)). Since h is ﬁber preserving,
˜ h(ωn,sn)(0) = ωn(0). Thus, d(ωn(0), ˜ h(ωn,sn)(tn))<δ(ωn(0)). Since δ(ωn(0)) → 0, it
follows that d(b, ˜ h(ωn,sn)(tn)) → 0a sr equired.
PROPOSITION 5.4. There exists a compact set C ⊆ holinks
+(X,B) together with a
stratum preserving and ﬁber preserving (over B) homotopy
d : holinks
+(X,B) × I → holinks
+(X,B)
such that
(1) d0 = id,
(2) d1(holinks
+(X,B)) ⊆ C,
(3) dt|(B\A) = inclusion for each t ∈ I (in particular, B\A ⊆ C).
Proof.Sincetheinclusionholinks
δ(X,B) → holinks
+(X,B)isastratumpreserving
ﬁber homotopy equivalence (Lemma 5.1), it sufﬁces to deﬁne the homotopy on
holinks
δ(X,B).Moreover,byLemma5.3,d onlyneedstobedeﬁnedonholinks
δ(X,A).
To this end use the facts that holinks
δ(X,A) → A is a stratiﬁed ﬁbration (Lemma 5.2)
and that A is an ANR to conclude that holinks
δ(X,A) → A has local stratum
preserving ﬁber homotopy trivializations. Combine this observation with the fact that
the ﬁbers of holinks
δ(X,A) → A are compactly dominated (being stratum preserving
homotopy equivalent to the local holinks) to construct locally ﬁnite open countable
covers {Uk} and {Vk} of A with cl(Vk) ⊆ Uk for k = 1,2,3,...,s t r a t u mpreserving andSTRATA IN MANIFOLD STRATIFIED SPACES 9
ﬁber preserving homotopies
dk : holinks
δ(X,A) × I → holinks
δ(X,A),
and compact subsets Ck ⊆ holinks
δ(X,cl(Vk)) such that
(1) dk
0 = id,
(2) dk
1(holinks
δ(X,cl(Vk))) ⊆ Ck,
(3) dk
t (holinks
δ(X,A\Uk)) = inclusion for all t ∈ I
(cf. [12,L e m .6 . 6 ]). Deﬁne Dt = limk→∞ dk
t ◦ dk−1
t ◦ ···◦d1
t (noting that this com-
position is locally ﬁnite) to get a stratum preserving and ﬁber preserving homotopy
D : holinks
δ(X,A) × I → holinks
δ(X,A)
and a subset C  ⊆ holinks
δ(X,A)s u c ht hat
(1) D0 = id,
(2) D1(holinks
δ(X,A)) ⊆ C ,
(3) for each x ∈ A there exists a compact neighborhood Nx of x in A such that
q−1(Nx) ∩ C  is compact where q : holinks
δ(X,A) → A is holink evaluation. (In fact,
one can take Nx = cl(Vk)w h e r ex ∈ Vk.)
Now it can be seen that C = C  ∪ (B\A)isc ompact and that the extensiond of D given
by Lemma 5.3 fulﬁlls the requirements.
LEMMA5.5.LetZ ⊆ Xb eacompactandsupposeZ isaunionofstrataofX andAis
amaximalstratumofZ (i.e.,AisdisjointfromtheclosureofanyotherstratumofZ).F or
every neighborhood U of Z in X there exist a neighborhood V of A in X with V ⊆ U,a
compact subset K ⊆ U\A and a stratum preserving homotopy g :( V\A) × I → Us u c h
that g0 = inclusion and g1(V\A) ⊆ K.
Proof. Choose a map δ : Z → [0,+∞)s u c ht hat δ−1(0) = Z\A and the δ-
neighborhood Nδ(A)o fA in X satisﬁes Nδ(A) ⊆ U.B yt he proof of Proposition 5.4
there exist a compact subset C ⊆ holinks
δ(X,Z)a n das t r a t um preserving and
ﬁber preserving homotopy d : holinks
δ(X,Z) × I → holinks
δ(X,Z)s u c ht hat d0 = id,
d1(holinks
δ(X,Z)) ⊆ C and dt|(Z\A) = inclusion for all t ∈ I.L e tK ={ ω(1) | ω ∈ C}.
Then K is compact and K ⊆ (Nδ(A)\A) ∪ (Z\A). Since A is stratiﬁed forward tame
in X (Theorem 2.5), there exist a neighborhood V of A in X with V ⊆ Nδ(A)a n d
an early stratum preserving homotopy h : V × I → Nδ(A)s u c ht hat h0 = inclusion
and h1(V) ⊆ A.B ym aking V smaller we may assume that the track of each
point in V\A is an element of holinks
δ(X,A). That is, there is an induced map
ˆ h : V\A → holinks
δ(X,A).Ifthisiscombinedwiththedeformationd ofholinks
δ(X,A)
into C followed by evaluation of holinks at 1, there is an induced stratum preserving
homotopy g :( V\A) × I → U such that g0 = inclusion and g1(V\A) ⊆ K.
PROPOSITION 5.6. If Z ⊆ Xi sc ompact, Z is a union of strata of X and the quotient
space X/Zi sg i v e nt h enatural stratiﬁcation, then X/Z has compactly dominated local
holinks.
Proof. X/Z has a stratum consisting of the single point corresponding to {Z}.T h e
other strata are homeomorphic to strata of X.T he compactly dominated local holinks
conditiononlyhastobecheckedatthepoint{Z}.W ecanuse[9,Lem.5.3]andtr ansfer
the problem to a statement about Z in X:s how that given a neighborhood U of Z in
X there exist a neighborhood V of Z in X with V ⊆ U,acompact subset K ⊆ U\Z10 BRUCE HUGHES
and a stratum preserving homotopy g :( V\Z) × I → U such that g0 = inclusion and
g1(V\Z) ⊆ K.W ep roceed by induction on the number n of strata of Z.I ti sv acuously
true for n = 0, so assume n>0a n dt h es tatement is true for fewer than n strata. Let Y
be a maximal stratum of Z.L e tW be a compact neighborhood of Z in X with W ⊆ U
(recall we are assuming X is locally compact). By the inductive hypothesis there exist a
neighborhoodV1 ofZ\Y inX withV1 ⊆ intW,acompactsubsetK1 ⊆ W\(Z\Y)and
as tratum preserving homotopy g1 :( V1\(Z\Y)) × I → W such that g1
0 = inclusion
and g1
1(V1\(Z\Y)) ⊆ K1.L e tρ1 : X → I be a map such that V 
1 = (ρ1)−1(1) ⊆ V1 is a
compact neighborhood of Z\Y and ρ1(X\V1) = 0. Deﬁne ˜ g1 :( X\(Z\Y)) × I → X
by
˜ g1(x,t) =
 
g1(x,ρ1(x) · t)i f x ∈ V1\(Z\Y)
x if x / ∈ V1.
Note that ˜ g
1
0 = inclusion and ˜ g1
1(V 
1\(Z\Y)) ⊆ K1.B yL e m m a5 . 5t here exist a
neighborhood V2 of Y in X with V2 ⊆ intW and a compact subset K2 ⊆ W\Y
forw hich there is a stratum preserving homotopy g2 :( V2\Y) × I → W such that
g2
0 = inclusion and g2
1(V2\Y) ⊆ K2.L e tρ2 : X\Bd(Y) → I be a map (where Bd(Y) =
clY\Y)s u c ht hat V 
2 = (ρ2)−1(1) ⊆ V2 is a closed neighborhood of Y in X\Bd(Y)a n d
ρ2((X\Bd(Y)\V2) = 0. Deﬁne ˜ g2 :( X\Z) × I → X by
˜ g2(x,t) =
 
g2(x,ρ2(x) · t)i f x ∈ V2\Y
x if x / ∈ V2 ∪ Z.
Note that ˜ g
2
0 = inclusion and ˜ g2
1(V 
2\Y) ⊆ K2.D e ﬁne g :( X\Z) × I → X by g(x,t) =
˜ g
2
t ◦ ˜ g
1
t(x). Of course, g is stratum preserving, g0 = inclusion, V = V 
1 ∪ V 
2 is a
neighborhood of Z in X and gt(V\Z) ⊆ W for all t ∈ I.I tr e m a ins to show that
g1(V\Z)i sc ontained in a compact subset of W\Z.T ot h i se n dﬁ rst note that
g1(V\Z) = ˜ g
2
1˜ g
1
1((V 
1 ∪ V 
2)\Z)
= ˜ g
2
1˜ g
1
1(V 
1\Z) ∪ ˜ g
2
1˜ g
1
1(V 
2\Z)
⊆ ˜ g
2
1(K1\Z) ∪ ˜ g
2
1˜ g
1
1(V 
2\Z).
Since
V 
2\Z = ((V 
2 ∩ V 
1)\Z) ∪ ((V 
2\V 
1)\Z)
⊆ (V 
1\Z) ∪ ((V 
2\intV 
1)\Z),
it follows that
g1(V\Z) ⊆ ˜ g
2
1(K1\Z) ∪ ˜ g
2
1˜ g
1
1((V 
2\intV 
1)\Z).
Now let K3 = ˜ g
1
1(V 
2\intV 
1)a n dnote that K3 is compact and K3 ∩ (Z\Y) =∅ . Thus
g1(V\Z) ⊆ ˜ g
2
1(K1\Z) ∪ ˜ g
2
1(K3\Z)
(it is helpful to recall that the ˜ g
i are stratum preserving) and the proof is completed by
the following
CLAIM.IfC isacompactsubsetofW andC ∩ (Z\Y) =∅ ,then˜ g
2
1(C\Z)iscontained
in a compact subset of W\Z.STRATA IN MANIFOLD STRATIFIED SPACES 11
Proof of Claim. Note that
C\Z = ((V 
2 ∩ C)\Y) ∪ ((W\intV 
2) ∩ C)
⊆ (V 
2\Y) ∪ ((W\intV 
2)) ∩ C).
Ofcourse, ˜ g
2
1(V 
2\Y) ⊆ K2.Moreo ver,(W\intV 
2) ∩ C iscompactandmissesZ(putting
it in the domain of ˜ g
2
1)f romw hich it follows that ˜ g
2
1((W\intV 
2) ∩ C)i sc ompact.
6. Homotopy near a stratum. We are working towards a proof of Theorem 3.2
which will be completed in §7. Recall that the main result of this paper is that a
stratum A in a manifold stratiﬁed space X has an MSAF teardrop neighborhood
(under compactness and dimension restrictions). Also recall that Theorem 3.2 is the
special case that cl(A)\A is a single point (or empty). This section establishes the
preliminary homotopy structure on neighborhoods of such A without insisting that
the strata of X be manifolds. This homotopy structure will be combined with sucking
inthepresenceofmanifoldstratain§7inordertogetMSAFteardropneighborhoods.
The three propositions in this section require that the closure of A be stratiﬁed
forward tame in X.T he ﬁrst two propositions homotopically relate neighborhoods
of A to mapping cylinders of maps to A (in fact, the mapping cylinders are mapping
cylindersofcertainholinkevaluationstoA).Thethirdpropositionaddsthecompactly
dominated holinks property and the normal ﬁbrations property in order to get a weak
lifting property of a deleted neighborhood of A over A × .T he compactly dominated
local holinks property is used to get a better homotopical relation to the mapping
cylinder of the holink evaluation. The normal ﬁbrations property is used to show that
the mapping cylinder is the mapping cylinder of a stratiﬁed ﬁbration, and the lifting
property follows.
NOTATION.I fc : A →  is a map, then we use the following notation:
A × [c,+∞) ={ (a,t) ∈ A ×  | c(a) ≤ t< +∞ } .
Similar notation deﬁnes A × [c,+∞], A × (−∞,c], etc. Let X be a locally compact
separable metric space with a stratiﬁcation containing A as a stratum. Assume the
Frontier Condition, that B = cl(A)i sc ompact and that B\A ={ b0} is a single point
so that there is a natural identiﬁcation of B with the one point compactiﬁcation
A ∪{ + ∞ }=A ∪{ b0}.L et holinks
+(X,B)b et h esubspace of Pnsp(X,B)a sd e ﬁned at
the beginning of §5. There are three holink evaluation maps (ω  → ω(0)) that we will
use:
q : holinks(X,B) → B
q+ : holinks
+(X,B) → B
qA : holinks(X,A) → A.
Note that we have the following relations among the various holink spaces:
holinks(X,B) = holinks(X,A) ∪ q−1(b0)
holinks
+(X,B) = holinks(X,A) ∪{ b0}
holinks(X,A) = holinks(X,B) ∩ holinks
+(X,B)12 BRUCE HUGHES
(and the two unions are disjoint unions). Of course, the holink evaluations above agree
on their common domain; that is,
qA = q|holinks(X,A) = q+|holinks(X,A).
For the evaluation map q : holinks(X,B) → B, identify
◦
cyl(q) = [holinks(X,B) × ] ∪q×id B
and similarly for
◦
cyl(q+)a n d
◦
cyl(qA). There are three teardrop collapses on these open
mapping cylinders:
Q :
◦
cyl(q) → B × (−∞,+∞]
Q+ :
◦
cyl(q+) → B × (−∞,+∞]
QA :
◦
cyl(qA) → A × (−∞,+∞]
which agree on their common domain
◦
cyl(qA). The mapping cylinder
◦
cyl(q)h a sa
natural stratiﬁcation whose strata are either of the form holinks(X,B)i ×  or Xi
where Xi is a stratum of B.T he stratiﬁcations of
◦
cyl(q+)a n d
◦
cyl(qA)a re similar. Let d
be a metric for X.G i v eA ×  the metric
d ((x1,t1),(x2,t2)) = max{d(x1,x2),|t1 − t2|}.
In any metric space, N(x, )d e notes the open  -neighborhood of x.
REMARK.T he results to follow are also valid in the simpler case B\A =∅ ,b u tw e
concentrate on the harder case.
PROPOSITION 6.1. Suppose B is stratiﬁed forward tame in X. Then there exist a
compact neighborhood Y of B in X and maps
f : Y →
◦
cyl(q), g :
◦
cyl(q)→Y
together with homotopies
F : igf   i : Y → X, G : fg  id :
◦
cyl(q) →
◦
cyl(q)
with i : Y → Xt h ei n c l usion such that f,g,F,Ga r es t ratum preserving and rel B.
Proof 1. Since B is stratiﬁed forward tame in X,t here exist a compact neighbor-
hood Y of B and a nearly stratum preserving homotopy H : Y × I → X rel B with
H0 = inclusion and H1(Y) = B.L e t ˆ H : Y\B → holinks(X,B)b et he adjoint of
1The proof of this proposition is based on [12,P r o p .6 . 5] which in turn is based on [11,P r o p .9 . 13]. However,
the current proof is simpler than either of the other two. This is due to the use of the reﬁned shrinking
argument given here. In fact, the proof in [12]s hould have incorporated such an argument in order to make
the map g continuous. In other words, the current proof should be viewed as a replacement of the argument
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H, ˆ H(x)(t) = H(x,1 − t). Deﬁne p : X → (0,+∞]b yp(x) = 1/d(x,B)a n df : Y →
◦
cyl(q)b y
f(x) =
 
( ˆ H(x),p(x)) ∈ holinks(X,B) × (0,+∞), if x ∈ Y\B,
x, if x ∈ B.
Note that Qf : Y → B × (−∞,+∞]i sg i v e nb yx  → (H(x,1),p(x)) which is clearly
continuous. It follows from [12,3 . 4 ]t hat f is continuous.
As preparation for the deﬁnition of g,c hoose a sequence M1 ≤ M2 ≤ M3 ≤ ···
of positive numbers converging to inﬁnity such that if n ∈{ 1,2,3,...}, x ∈ Y and
p(x) ≥ n,t h e ndiamH({x}×I) ≤ 1/Mn.I n d eed, using the fact that x  → diamH({x}×
I)d eﬁnes a continuous function Y → [0,∞), one may let
1/Mn = max{diamH({x}×I) | x ∈ Y ∩ p−1([n,+∞])}.
The required properties follow from the facts that Y ∩ p−1([n,+∞])} is compact for
each n,t h a t
B =
∞  
n=1
p−1([n,+∞]),
and the homotopy H is rel B.
Now use the sequence just constructed to specify a certain subspace of
◦
cyl(q). If
al evel of the mapping cylinder is close to B,t hen we want only those holink elements
in that level which are of small diameter (the smallness determined by the closeness of
the level to B). Precisely,
◦
cyl(q)∞ ={ (ω,t) ∈
◦
cyl(q)\B | for n = 1,2,3,..., and t ≥ n,
Im(ω) ⊆ Y and diamω ≤ 1/Mn}∪B ⊆
◦
cyl(q).
We willshowthatthereisastratumpreservingdeformationRof
◦
cyl(q)into
◦
cyl(q)∞
rel B.T he idea is an extension of the idea behind Lemma 5.1: paths are to be shrunk
along themselves towards their initial points, but now the amount of shrinking must
increase near B in
◦
cyl(q). We ﬁrst need a map to measure the amount of shrinking.
CLAIM. There exists a map ρ : holinks(X,B) × (−∞,+∞] → Is u c ht hat
(1) ρ−1(0) = holinks(X,B) ×{ + ∞ } , and
(2) if n ∈{ 1,2,3,...}, t ≥ n and ω ∈ holinks(X,B), then diamω([0,ρ(ω,t)]) ≤
1/Mn.
Proof of Claim. This is an elementary partition of unity argument. Let (ω,t) ∈
holinks(X,B) × ,l e tnt be the largest positive integer such that t>nt (or let nt = 1
if t ≤ 1), and choose c(ω,t) ∈ (0,1] such that diamω([0,c(ω,t)])<1/Mnt+1.M o r e o ver, if
t>0, require c(ω,t) <1/t.L e tU(ω,t)b eaneighborhood of (ω,t)i nholinks(X,B) × 
such that if (ω ,t ) ∈ U(ω,t), then diamω ([0,c(ω,t)])<1/Mnt+1 and t − 1<t  <t + 1.
There exists a locally ﬁnite reﬁnement U ={ Uα} of
{U(ω,t) | (ω,t) ∈ holinks(X,B) × }.
For each α,c hoose (ωα,tα) ∈ holinks(X,B) ×  such that Uα ⊆ U(ωα,tα). There
exists a partition of unity {σα : holinks(X,B) ×  → I} subordinate to U.D e ﬁne14 BRUCE HUGHES
ρ by setting ρ(ω,+∞) = 0a n dρ(ω,t) =
 
α σα(ω,t) · c(ωα,tα). The continuity of ρ
follows from the condition c(ω,t) <1/t.T ov erify the second property above, suppose
t ≥ n and ω ∈ holinks(X,B). Then n ≤ nt + 1( from which it follows that 1/Mn ≥
1/Mnt+1.) Let C = max{c(ωα,tα) | σα(ω,t)  = 0}.T h e nρ(ω,t) ≤
 
α σα(ω,t)C = C and
diamω([0,ρ(ω,t)]) ≤ diamω([0,C]) ≤ 1/Mnt+1 ≤ 1/Mn.T his completes the proof of
the claim.
The map ρ induces a map ˜ ρ : holinks(X,B) × (−∞,+∞] × I → XI deﬁned
by ˜ ρ(ω,t,s)(u) = ω((1 − s)u + suρ(ω,t)). Note that ˜ ρ(ω,t,0) = ω and ˜ ρ(ω,t,1)(u) =
ω(uρ(ω,t)). Think of ˜ ρ as a shrinking homotopy. Use it to deﬁne a deformation
R :
◦
cyl(q) × I →
◦
cyl(q)b y
 
R((ω,t),s) = (˜ ρ(ω,t,s),t), if (ω,t) ∈
◦
cyl(q)\B
R(x,s) = x, if x ∈ B.
Note that:
(1) R0 is the identity,
(2) R1(
◦
cyl(q)) ⊆
◦
cyl(q)∞,
(3) Rs(
◦
cyl(q)∞) ⊆
◦
cyl(q)∞ for all s ∈ I,
(4) R is stratum preserving, ﬁber preserving over (−∞,+∞]a n drel B.
The deformation R shows that the inclusion
◦
cyl(q)∞ →
◦
cyl(q)i sahomotopy
equivalence.
Deﬁne g :
◦
cyl(q)→Y by
 
g(ω,t) = ˜ ρ(ω,t,1)(1) = ω(ρ(ω,t)), if (ω,t) ∈
◦
cyl(q)\B
g(x) = x, if x ∈ B.
To see that g is continuous at x ∈ B,s uppose (ωn,tn) ∈
◦
cyl(q)\B with ωn(0) →
x and tn →∞ . Since diamωn([0,ρ(ωn,tn)]) → 0a n dωn(0) → x,i tf ollows that
ωn(ρ(ωn,tn)) → x.I no t h e rw o r d s ,g = e ◦ R1 where e :
◦
cyl(q)∞ → Y is deﬁned by
 
e(ω,t) = ω(1), if (ω,t) ∈
◦
cyl(q)\B
e(x) = x, if x ∈ B.
The point is that e would not be continuous at points of B if it were deﬁned on all of
◦
cyl(q) instead of just the subspace
◦
cyl(q)∞.
Deﬁne F : Y × I → X by
F(x,t) = H(x,(1 − t)(1 − ρ( ˆ H(x),p(x)))).
Clearly, F : igf   i.
We willdeﬁneG :
◦
cyl(q) × I →
◦
cyl(q)intwo stagescorrespondingtoI = [0,1/2] ∪
[1/2,1]. We ﬁrst need an auxiliary map γ : holinks(X,B) ×  × [0,1/2] → XI
deﬁned by
γ(ω,t,s)(u) =
 
ˆ H(ω(ρ(ω,t)(1 − (1 − u)2s)))
  u
1−(1−u)2s
 
, if (s,u)  = (1/2,0)
ω(0), if (s,u) = (1/2,0).
Here is a way to think about γ.F i x( ω,t) ∈ holinks(X,B) × .T h e nγ(ω,t,·)(·):
[0,1/2] × I → X can be described as a composition of three maps. The ﬁrst mapsSTRATA IN MANIFOLD STRATIFIED SPACES 15
the rectangle [0,1/2] × I to the square I × I via (s,u)  → (2s,u). The second maps
the square I × I to the triangle T ={ (s,u) | 0 ≤ s ≤ 1,0 ≤ u ≤ 1 − s} via (s,u) →
((1 − u)s,u). The third maps the triangle T into X via
(s,u)  →
 
ˆ H(ω(ρ(ω,t)(1 − s)))(u/1 − s), if s  = 1
ω(0), if s = 1.
Note that:
(1) γ(ω,t,0)(u) = ˆ H(ω(ρ(ω,t))(u),
(2) γ(ω,t,1/2)(u) = ˆ H(ω(ρ(ω,t)u)(1) = ω(ρ(ω,t)u),
(3) γ(ω,t,s)(1) = ˆ H(ω(ρ(ω,t))(1) = ω(ρ(ω,t)),
(4) γ(ω,t,s)(0) = ˆ H(ω(ρ(ω,t)(1 − 2s))(0) ∈ B,
(5) γ(ω,t,1/2)(0) = ˆ H(ω(0))(0) ∈ B.
Now deﬁne G :
◦
cyl(q) × [0,1/2] →
◦
cyl(q)b y
 
G((ω,t),s) = (γ(ω,t,s),(1 − 2s)p(ω(ρ(ω,t))) + 2st),
G(x,s) = x,
if
 
(ω,t,s) ∈ holinks(X,B) ×  × [0,1/2],
(x,s) ∈ B × [0,1/2].
Note that G0 = fg and G((ω,t),1/2) = (γ(ω,t,1/2),t)w h e r eγ(ω,t,1/2)(u) =
ω(ρ(ω,t)u).
In order to ﬁnish the deﬁnition of G,d eﬁne another auxiliary map
β : holinks(X,B) ×  × [1/2,1] → XI
by
β(ω,t,1/2)(u) = ω(ρ(ω,t)u(2 − 2s) + (2s − 1)u).
Note that β(ω,t,1/2) = γ(ω,t,1/2) and β(ω,t,1) = ω.
Now deﬁne G :
◦
cyl(q) × [1/2,1] →
◦
cyl(q)b y
 
G((ω,t),s) = (β(ω,t,s),t), if (ω,t,s) ∈ holinks(X,B) ×  × [1/2,1]
G(x,s) = x, if (x,s) ∈ B × [1/2,1].
NotethatthetwodeﬁnitionsofG1/2 agree so thatw eha v edeﬁnedastratumpreserving
homotopy G : fg  id rel B.
The next proposition is a reﬁnement of the previous one. The focus changes from
the mapping cylinder
◦
cyl(q)t ot he mapping cylinder
◦
cyl(q+)i no r d e rt ohave more
control near {b0}.
PROPOSITION 6.2. Suppose B is stratiﬁed forward tame in X. Then there exist a
compact neighborhood Y of B in X, a neighborhood ˜ Yo fAi nXs uch that B ⊆ ˜ Y ⊆ Y
and maps
˜ f : Y →
◦
cyl(q+), ˜ g :
◦
cyl(q+)→Y
together with homotopies
˜ F : i˜ g ˜ f   i : Y → X, ˜ G : ˜ f ˜ g   id :
◦
cyl(q+) →
◦
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with i : Y → Xt h ei n c l usion such that
(1) ˜ f| ˜ Y, ˜ g, ˜ F| ˜ Y × Ia r es t ratum preserving and rel B,
(2) ˜ G|[
◦
cyl(q+)\({b0}×)] × Ii ss t r a t um preserving,
˜ G({b0}×(−∞,+∞] × I) ={ b0}×(−∞,+∞]
and ˜ Gi sr e lB .
Proof. Let f : Y →
◦
cyl(q)b ea si nP r oposition 6.1. Let
˜ Y = Y\f −1(q−1(b0) × ).
Clearly, ˜ Y is a neighborhood of A (but not of B)i nX and B ⊆ ˜ Y ⊆ Y.
In order to deﬁne ˜ f we ﬁrst deﬁne auxiliary maps. Let H : Y × I → X be the
deformation from the proof of Proposition 6.1 together with the adjoint ˆ H : Y\B →
holinks(X,B). Choose a map δ : B → I such that δ−1(0) ={ b0}. Since f −1(q−1(b0) ×
) = H
−1
1 (b0)\{b0}, δ may be chosen so that the δ-neighborhood about A in Y is
contained in ˜ Y;t h a ti s ,
 
a∈A
{y ∈ Y | d(y,a)<δ(a)}⊆ ˜ Y.
Deﬁne
α : holinks(X,B) → holinks
+(X,B)
by setting α(ω)(t) = ω(t · δ(ω(0)) for every ω ∈ holinks(X,B)a n dt ∈ I. Since the
function spaces involve the compact space I mapping to the metric space X,t h e
topology is that of uniform convergence; hence, it is easy to see that α is continuous.
(Note that the image of α need not lie in holinks
δ(X,B)a sd e ﬁned in §5.) Even though
α need not be stratum preserving (because α−1(b0) = q−1(b0)a n dq−1(b0) might meet
several strata), it is stratum preserving on the complement of q−1(b0). Moreover, α is
ﬁber preserving over B;t h a ti s ,q+α = q.I np articular, there is an induced map
ˆ α :
◦
cyl(q) →
◦
cyl(q+)
deﬁned by
(ω,t)  → (α(ω),t)f o r( ω,t) ∈ holinks(X,B)a n db  → b for b ∈ B.
(The continuity of ˆ α follows from the continuity criteria [12]b ecause Q+ˆ α = Q.) Note
that
ˆ α(q−1(b0) × (−∞,+∞]) ={ b0}×(−∞,+∞].
Now deﬁne ˜ f to be the composition
˜ f : Y
f
−→
◦
cyl(q)
¯ α
−→
◦
cyl(q+).
Note that ˜ f is stratum preserving on ˜ Y and ˜ f(Y\ ˜ Y) ={ b0}.
We alsonote,foruseintheproofofProposition6.3belowthatQ+ ˜ f = Qf(because
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In order to deﬁne the remaining maps, we need to make some modiﬁcations in
the proof of Proposition 6.1. In particular, let ρ : holinks(X,B) × (−∞,+∞] → I and
{Mn}∞
n=1 be as in the proof of 6.1. By another elementary partition of unity argument,
there exists a map
σ : holinks
+(X,B) → I
such that:
(1) σ−1(0) ={ b0},a n d
(2) diamω([0,σ(ω)]) ≤ δ(ω(0)) for all ω ∈ holinks
+(X,B).
Deﬁne ˆ ρ : holinks
+(X,B) × (−∞,+∞] → I by
ˆ ρ(ω,t) =
 
σ(ω) · ρ(ω,t), if (ω,t) ∈ holinks(X,A) × (∞,+∞]
0, if (ω,t) ∈{ b0}×(−∞,+∞].
Note that:
(1) ˆ ρ−1(0) = holinks
+(X,B) ×{ + ∞ }∪{ b0}×(−∞,+∞], and
(2) if n ∈{ 1,2,3,...}, t ≥ n and ω ∈ holinks
+(X,B), then
diamω([0, ˆ ρ(ω,t)]) ≤ min{1/Mn,δ(ω(0))}.
The map ˆ ρ induces a map ρ∗ : holinks
+(X,B) × (−∞,+∞] × I → XI deﬁned by
ρ∗(ω,t,s)(u) = ω((1 − s)u + su ˆ ρ(ω,t)). Note that ρ∗(ω,t,0) = ω and ρ∗(ω,t,1)(u) =
ω(u ˆ ρ(ω,t)). Use ρ∗ to deﬁne a deformation ˆ R :
◦
cyl(q+) × I →
◦
cyl(q+)b y
  ˆ R((ω,t),s) = (ρ∗(ω,t,s),t), if (ω,t) ∈
◦
cyl(q+)\B
ˆ R(x,s) = x, if x ∈ B.
Analogous to
◦
cyl(q)∞,w en eed a subspace of
◦
cyl(q+)t h a tnot only controls
diameters of holink elements in mapping cylinder levels close to B,b u ta l s ocontrols
diameters of all holink elements (regardless of mapping cylinder level) whose initial
points are close to b0.D e ﬁne
◦
cyl(q+)∞ =
{(ω,t) ∈
◦
cyl(q)∞ ∩
◦
cyl(q+)\B | diamω ≤ δ(ω(0))}∪{ b0}× ∪ B ⊆
◦
cyl(q+).
Note that:
(1) ˆ R0 is the identity,
(2) ˆ R1(
◦
cyl(q+)) ⊆
◦
cyl(q+)∞,
(3) ˆ Rs(
◦
cyl(q+)∞) ⊆
◦
cyl(q+)∞ for all s ∈ I,
(4) ˆ R is stratum preserving, ﬁber preserving over (−∞,+∞]a n dr e l( {b0}×
) ∪ B.
The deformation ˆ R shows that the inclusion
◦
cyl(q+)∞ →
◦
cyl(q+)i sahomotopy
equivalence.
Deﬁne ˆ e :
◦
cyl(q+)∞ → Y by
 
ˆ e(ω,t) = ω(1), if (ω,t) ∈
◦
cyl(q+)∞\B
ˆ e(x) = x, if x ∈ B.18 BRUCE HUGHES
The point is that ˆ e would not be continuous at points of B if it were deﬁned on all of
◦
cyl(q+) instead of just the subspace
◦
cyl(q+)∞.
Now ˜ g :
◦
cyl(q+)→Y can be deﬁned by ˜ g = ˆ e ◦ ˆ R1.
The deﬁnitions of the homotopies ˜ F and ˜ G are similar enough to the deﬁnitions
of F and G in 6.1 that the details are omitted.
The next proposition establishes a type of ﬁbration property for a neighborhood
of A.I ti st he main homotopy information used in the next section.
PROPOSITION 6.3. Suppose, in addition to the standing assumptions of this section,
that X is a homotopically stratiﬁed space with only ﬁnitely many strata, that the strata
are ANRs, and that X satisﬁes the compactly dominated local holinks property. For every
sequence { i}∞
i=1 of positive numbers there exist a neighborhood N of A in X\{b0} and a
proper map p : N → A × (−∞,+∞] such that
(1) p−1(A ×{ + ∞ } ) = A and p| : A → A ×{ + ∞ }is the identity,
(2) p−1(A × (0,+∞)) is open in X,
(3) p has the following lifting property:
given any space Z and any commuting diagram of maps
Z
h
− − − −−→ p−1(A × (0,+∞))
×0
   
   p|
Z × I
H
− − − −−→ A × (0,+∞)
there exists a stratum preserving homotopy ˜ H : Z × I → Ns u c ht hat ˜ H(z,0) = h(z) for
each z ∈ Z and p ˜ Hi sE-close to H where E is the collection of open subsets of A × 
given by
E ={ N(x,  i) × (i − 1,i + 2) | x ∈ A and i = 1,2,3,...}.
Proof. It follows from [7,T h e orem 6.3] that B is stratiﬁed forward tame in X so
that the previous propositions apply. Let Y, ˜ Y, ˜ f, ˜ g, ˜ F, ˜ G be as in Proposition 6.2. Let
C ⊆ holinks
+(X,B)a n d
d : holinks
+(X,B) × I → holinks
+(X,B)
be given by Proposition 5.4 (we are assuming in the hypothesis all the standing
assumptions on X in §5). Reverse the parameter by setting Ds = d1−s.T hus, D1 = id
and D0(holinks
+(X,B)) ⊆ C.D e ﬁne ˆ D :
◦
cyl(q+) × I →
◦
cyl(q+)b y
ˆ Ds =
 
Ds × id on holinks
+(X,B) × 
id on B.
Deﬁne g  :
◦
cyl(q+)→Y by g  = ˜ g ˆ D0.D e ﬁne F  : Y × I → X by
F 
s =
 
i˜ g ˆ D2s ˜ f, if 0 ≤ s ≤ 1/2
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where i : Y → X is the inclusion. Note that F  : ig  ˜ f   i.D e ﬁne G  :
◦
cyl(q+) × I →
◦
cyl(q+)b y
G 
s =
 
˜ G2s ˆ D0, if 0 ≤ s ≤ 1/2
ˆ D2s−1, if 1/2 ≤ s ≤ 1.
Note that G  : ˜ fg     id.
Choose a proper map n0 : A → [0,+∞)s u c ht hat
I. F ((Q+ ˜ f)−1(A × [n0,+∞)) × I) ⊆ ˜ Y,a n d
II. Q+G ((Q+)−1(A × [n0,+∞)) × I) ⊆ A × [0,+∞).
Why does such an n0 exist? Since F 
t| : A → X is the inclusion for all t ∈ I and ˜ Y is a
neighborhood of A in X,t here exists an open neighborhood U of A in ˜ Y such that
F (U × I) ⊆ ˜ Y. Since ˜ Y is a neighborhood of A in Y,w em a ya ssume that U is open in
Y and in X. Since Y is compact, both K = Y\U and Qf(K)a re compact. Moreover,
Qf(K) ∩ (A ×{ + ∞ } ) =∅ .T hus, there is a proper map n0 : A → [0,+∞)s u c ht hat
Qf(K) ∩ (A × [n0,+∞)) =∅ ,f romw hich it follows that (Qf)−1(A × [n0,+∞)) ⊆ U.
Since Q+ ˜ f = Qf (as was pointed out in the proof of Proposition 6.2 above), it follows
that
(Q+ ˜ f)−1(A × [n0,+∞)) ⊆ U.
Property I now follows. For Property II, since G 
t| : B →
◦
cyl(q+)i st h einclusion for all
t ∈ I and(Q+)−1(A × [0,+∞)) = Q
−1
A (A × [0,+∞))isaneighborhoodofAin
◦
cyl(q+)
and in
◦
cyl(qA), there exists a neighborhood V of A in
◦
cyl(qA)s u c ht hat G (V × I) ⊆
(Q+)−1(A × [0,+∞)). Now we just need to make sure that Q
−1
A (A × [n0,+∞)) ⊆ V.
This can be done if QA(V)i saneighborhood of A ×{ + ∞ }in A × (−∞,+∞]. It is
indeed such a neighborhood, as follows from [12,L e mma 3.6].
For i ≥ 1, choose proper maps ni : A → [i,+∞) inductively such that ni ≥ ni−1
and the following ﬁve properties hold:
(1) Q+ ˜ fF ((Q+ ˜ f)−1(A × [n0,ni−1]) × I) ⊆ A × [0,ni],
(2) Q+G ((Q+)−1(A × [n0,ni−1]) × I) ⊆ A × [0,ni],
(3) Q+ ˜ fF ((Q+ ˜ f)−1(A × [ni,+∞)) × I) ⊆ A × [ni−1,+∞),
(4) Q+G ((Q+)−1(A × [ni,+∞)) × I) ⊆ A × [ni−1,+∞).
(5) The tracks of points over A × [ni,+∞) under the homotopies projAQ+ ˜ fF 
and projAQ+G  have diameter less than  i in A.
Assuming i ≥ 1a n dni−1 has been deﬁned, we will show, for each of the ﬁve properties,
that a map ni can be deﬁned satisfying that property. Then a proper map bigger than
each of those will satisfy all of the properties.
Property (1): Let W = (Q+ ˜ f)−1(A × [n0,ni−1]). We use the notation
B × [n0,ni−1] = A × [n0,ni−1] ∪{ (b0,+∞)}⊆B × (−∞,+∞].
Since A × [n0,ni−1] ⊆ B × [n0,ni−1], the map Q+ ˜ f is Qf ◦ inclusion : ˜ Y → B ×
(−∞,+∞]( as pointed out above), and (Qf)−1(B × [n0,ni−1]) ⊆ Y,i tf ollows that
W is contained in a compact subset K of Y such that K ∩ A =∅ .T h e nF (K × I)
is also compact and F (K × I) ∩ A =∅(however F (K × I)n eed not be contained in
Y). Moreover, Q+˜ f(F (K × I) ∩ ˜ Y) ⊆ Qf(F (K × I) ∩ Y). Since Qf(F (K × I) ∩ Y)
is compact and misses A ×{ + ∞ } ,t h e r ee x ists a map ni : A → [i,+∞)s u c ht hat
Qf(F (K × I)) ∩ Y) ⊆ A × (−∞,ni). It follows that Q+ ˜ fF (W × I) ⊆ A × [0,ni]a s
required.20 BRUCE HUGHES
Property (2): Let W = (Q+)−1(A × [n0,ni−1]). Recall from the beginning of the
proof that C is a certain compact subset of holinks
+(X,B)c ontaining b0.W eu s et h e
notation
C × [n0,ni−1] ={ (z,t) ∈ C ×  | Q+(z,t) ∈ A × [n0,ni−1]}∪{ b0}⊆
◦
cyl(q+).
Note that C is a compact subset of
◦
cyl(q+), that
ˆ D0(W) = (D0 × id)(W) ⊆ C × [n0,ni−1],
andthat ˆ D0(W)missesB.Inparticular,G (W × [0,1/2]) ⊆ ˜ G(C × [n0,ni−1] × I)which
is compact and misses A.T hus, Q+G (W × [0,1/2]) is contained in a compact subset
of B × (−∞,+∞]w hich misses B ×{ + ∞ } .O nt h eother hand, G (W × [1/2,1]) =
ˆ D(W × I) ⊆ W (because ˆ D is ﬁber preserving over ). Thus, Q+G (W × [1/2,1]) ⊆
A × [n0,ni−1]. It follows that a map ni exists with the property that Q+G (W × I) ⊆
A × (−∞,ni]. Property II of n0 supplies the remaining detail.
Property (3): The proof of this follows the proof of Property I of n0 given above,
with ni and (Q+ ˜ f)−1(A × [ni−1,+∞)) playing the roles of n0 and ˜ Y,r e s p ectively.
Property (4): The proof of this follows the proof of Property II of n0 given above,
with ni−1 and ni playing the roles of 0 and n0,r e s p ectively.
Property (5): This uses the fact that F  and G  are rel B.
Let N = ˜ Y and let γ : A ×  → A ×  be a homeomorphism that is ﬁber
preserving over A,s upported on A × [−1,+∞)a n dt a k e st he graph of ni onto the
horizontal line A ×{ i} for i = 1,2,3,....T h e np = γQ+ ˜ f|N satisﬁes the conclusions
of the proposition. In particular, p−1(A × (0,+∞)) = (Q+˜ f)−1(A × (n0,+∞)) is open
in X because (Q+ ˜ f)−1(A × (n0,+∞)) = (Qf)−1(A × (n0,+∞)) ∩ ˜ Y = (Qf)−1(A ×
(n0,+∞)) which is open in U,h e n ce, is open in X.
The remainder of the proof consists of providing more details on the lifting
property. To this end suppose we are given a lifting problem
Z
h
− − − −−→ p−1(A × (0,+∞))
×0
   
   p|
Z × I
H
− − − −−→ A × (0,+∞)
We will deﬁne a stratiﬁed E-solution by constructing and piecing together two
homotopies. The ﬁrst homotopy ˆ H will be an E-lift but it will not have h as the
initial level. The second homotopy will correct this. To begin note that p| ﬁts into the
following commuting diagram
p−1(A × (0,+∞))
¯ f
− − − −−→
◦
cyl(q+)\(B ∪ ({b0}×))
=
− − − −−→ holinks(X,A) × 
p|
   
   Q+|=qA×id
A × (0,+∞)
γ −1
− − − −−→ A × (0,+∞)
inclusion
− − − −−→ A × 
We now use the assumption that X is a homotopically stratiﬁed metric space with
ﬁnitely many strata to conclude by [7,C orollary 6.2] that qA : holinks(X,A) → A
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H∗ : Z × I → holinks(X,A) × (0,+∞)suchthatH∗
0 = ˜ fhandγQ+H∗ = H.Let ˆ H =
g H∗ : Z × I → N.
We will now show that p ˆ H and H are E-close. Let (z,t) ∈ Z × I and let i ≥ 0
be such that H(z,t) ∈ A × (i,i + 1]. Then γ −1H(z,t) ∈ A × (ni,ni+1]a n ds oH∗(z,t) ∈
(Q+)−1(A × (ni,ni+1]).From(2)and(4)itfollowsthatQ+G 
0H∗(z,t) ∈ A × [ni−1,ni+2].
Since G 
0 = ˜ fg   we have
p ˆ H(z,t) = γQ+˜ fg  H∗(z,t) ∈ A × [i − 1,i + 2].
By (5) it follows that p ˆ H(z,t) ∈ N(x,  i) × [i − 1,i + 2] where x = projAH(z,t). Since
H(z,t) ∈ N(x,  i) × (i,i + 1], it follows that p ˆ H and H are E-close.
Now weh a v et om a k eu pf o rt h ef a c tt h a t ˆ H0 need not equal h. Since ˆ H0 = g  ˜ fh
and F  :˜ ig  ˜ f   ˜ i we can, as a ﬁrst approximation, deﬁne ˜ H : Z × [−1,1] → N by
˜ H(z,t) =
 
F (h(z),−t)i f −1 ≤ t ≤ 0
ˆ H(z,t)i f 0 ≤ t ≤ 1.
We will now see that the tracks pF (h(z) × I)a r eE-small. From this it follows from
as t a ndard argument that ˜ H can be reparameterized by traveling along [−1,0] quite
rapidly. The resulting homotopy will be our desired solution. So let z ∈ Z and let i ≥ 0
be such that γQ+ ˜ fh(z) ∈ A × (i,i + 1]. Then Q+ ˜ fh(z) ∈ A × (ni,ni+1]. From (1) and
(3) it follows that Q+ ˜ fF (h(z) × I) ⊆ A × [ni−1,ni+2]. Thus, pF (h(z) × I) ⊆ A × [i −
1,i + 2]. From (5) it follows that projAQ+ ˜ fF (h(z) × I)h a sdiameter less than  i.T hus,
pF (h(z) × I) ⊆ N(ph(z),  i) × [i − 1,i + 2] as desired.
7. Completion of the proof of the main theorem. We begin byf ully stating the
theorem that will be proved in this section.
THEOREM 7.1. Let X be a manifold stratiﬁed space with a stratum A satisfying:
(1) A has compact closure cl(A) = Bi nX,
(2) dimA ≥ 5,
(3) B\Ac onsists of a single point b0.
Then A has an MSAF teardrop neighborhood in X.
If, in the statement of Theorem 7.1, condition (3) is replaced by “B\A =∅ ,” and
condition (2) is replaced by “if Xi is a stratum of X such that cl(Xi) ∩ A  =∅ ,t h e n
dimXi ≥ 5,” then the resulting statement is also true and its proof is simpler than
the proof of Theorem 7.1. Therefore, we make no further mention of its proof. These
two results (Theorem 7.1 and its simpliﬁcation) together make up Theorem 3.2. Thus,
the proof of Theorem 3.2 is completed by this section. In turn, recall that the Main
Theorem of this paper follows from Theorem 3.2, as was established by Corollary 3.4.
Aw o r do fe xplanation might be useful. If A were compact, then the epsilonics
in this section (and, hence, in the rest of the paper) would be considerably easier. For
non-compact A, our assumption that cl(A)i sacompact union of strata in a manifold
stratiﬁedspaceimpliesthatAisamanifold(withdimA ≥ 5)havingﬁnitelymanytame
ends in the sense of Siebenmann. Even though the ends of A might not be collarable,
it is true that they have periodic structure (namely, they are the inﬁnite cyclic cover of
aM AF over the circle). It is this periodic structure on the ends of A,w hich is one of
the main results in [11], that allows us to deal with the non-compactness of A.Id onot
know if the Main Theorem of this paper would be true without this assumption.22 BRUCE HUGHES
We will assume the hypothesis and notation of Theorem 7.1 for the remainder
of this section. Since B is a manifold stratiﬁed space with two strata A and {b0},a n d
dim(A) ≥ 5, it follows from [11]o r[ 12]t h a tb0 has a neighborhood in B with MAF
teardrop structure. That is, there is a map π : B → [0,+∞]s u c ht hat π−1(+∞) = b0
and π is a manifold approximate ﬁbration over (0,+∞). We also use π to denote its
restriction π : A → [0,+∞). The hypotheses of Proposition 6.3 are satisﬁed.
If b>0a n d  ={  i}∞
i=1 is a sequence of positive numbers, deﬁne a collection of
open subsets of A ×  covering A × [1,+∞)b y
Ub,  ={ N(x,  i) × (t − b,t + b) | (x,t) ∈ A × [i − 1,i + 1] and i = 1,2,3,...}.
Before giving the proof of Theorem 7.1, we need the following embellishment of
the Stratiﬁed Sucking Theorem 4.2. This is the place where the manifold condition on
the strata is used.
LEMMA 7.2. For every b >0 and sequence   ={  i}∞
i=1 of positive numbers, there exist
c>0 and a sequence δ ={ δi}∞
i=1 of positive numbers such that if M ⊆ X,j : M → A × 
is a proper stratiﬁed Uc,δ-ﬁbration over A × (1/2,+∞),j −1(A × (0,+∞)) is an open
subspace of X, and the strata of M are of dimension greater than or equal to 5,t h e n
ji sp r operly Ub, -homotopic rel j−1(A × (−∞,0]) to a map j  : M → A ×  with j  a
stratiﬁed approximate ﬁbration over A × (1,+∞).
Proof.TherearetwoaspectsofthislemmathatmakeitdifferentfromTheorem4.2.
The ﬁrst is the local-and-relative aspect (approximate ﬁbration properties over A ×
(1/2,+∞)a nd the homotopy j   j  is rel j−1(A × (−∞,0])). The second is the use of
special types of open covers (Uc,δ and Ub, )r a t h e rt han arbitrary open covers.
To deal with the ﬁrst aspect, we note that the local-and-relative version of
Theorem 4.2 goes like this:
Suppose X and Y are as in Theorem 4.2, C ⊆ int D ⊆ D ⊆ U ⊆ Y, with U open in Y
and C and D closed in Y.F o re v e r yopen cover α of Y there exists an open cover β of
Y such that if p : X → Y is a proper map that is a stratiﬁed β-ﬁbration over D,t h e np
is properly α-homotopic rel p−1(Y\U)t oam a pt h a ti sa nM S A Fo v e rC.
The proof of this follows from the proof of Theorem 4.2 because the argument is a
local handle-by-handle one.
For the second aspect, the question is, “if we are given an open cover of the
form α = Ub, ,w h ydoes the proof of Theorem 4.2 yield an open cover of the form
β = Uc,δ?” The answer is that the size of the members of β are determined by the
size of the handles of A × ,h ence by the size of handles in A.I fA is compact,
there is no problem. However, if A is non-compact, then we have to get a handlebody
decomposition of A in which handles do not decrease in size (without a positive lower
limit) as one moves towards inﬁnity in A.T h e r ea r et w o(closely related) ways to
see why this should be the case. First, π−1((0,+∞)) is the inﬁnite cyclic cover of a
closed manifold ˆ A with a manifold approximate ﬁbration ˆ A → S1 [11]. One can pull
back handles in ˆ A to get handles with a periodic structure in A.A l t e r natively, use the
Approximate Isotopy Covering Property of manifold approximate ﬁbrations [5], [11],
[13]a sf ollows. For i = 1,2,3,...let τi :[ 0 ,+∞) → [0,+∞)b et he homeomorphism
that is translation by i on [1/2,+∞)a nd is linear elsewhere,
τi(t) =
 
(1 + 2i)t, 0 ≤ t ≤ 1/2
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Let ˜ τi : A → A be a homeomorphism that approximately covers τi;t h a ti s ,π ˜ τi is close
to τiπ (they should be within a distance of 1/4). The homeomorphisms ˜ τi give the
desired handles.
Proof of Theorem 7.1. Choose a sequence   ={  i}∞
i=1 of positive numbers such
that limi→∞  i = 0. For the number b = 1a n dt h es equence  ,L e mma 7.2 provides
another number c>0a n ds e quence δ ={ δi}∞
i=1 of positive numbers. We can assume
that δ1 ≥ δ2 ≥ δ3 ≥ ...and that c<1. For the sequence δ,P r oposition 6.3 provides a
neighborhood N of A in X\{b0} and a proper map p : N → A × (−∞,+∞]s u c ht hat
(1) p−1(A ×{ + ∞ } ) = A and p| : A → A ×{ + ∞ }is the identity,
(2) p−1(A × (0,+∞)) is open in X,
(3) p| : N\A → A ×  is a stratiﬁed E-ﬁbration over A × (0,+∞)w h e r e
E ={ N(x,δ i) × (i − 1,i + 2) | x ∈ A and i = 1,2,3,...}.
Let γ :  →  be the homeomorphism deﬁned by
γ(t) =
 
t, t ≤ 0
ct/2, t ≥ 0.
We will now verify that the map ˜ p = (idA × γ) ◦ p| : N\A → A ×  is a stratiﬁed Uc,δ-
ﬁbration over A × [1/2,+∞). To this end suppose we are given a lifting problem
Z
h
− − − −−→ N\A = = = = = = = = = N\A
×0
 
 
 
 ˜ p
Z × I
H
− − − −−→ A × [1/2,+∞)
inclusion
− − − −−→ A × .
If H∗ = (idA × γ −1) ◦ H,t h e nt here is a commuting diagram
Z
h
− − − −−→ N\A = = = = = = = = = N\A
×0
 
 
 
 p|
Z × I
H∗
− − − −−→ A × [1/c,+∞)
inclusion
− − − −−→ A × .
which is itself a lifting problem. Because p| is a stratiﬁed E-ﬁbration over A × (0,+∞),
there is a stratum preserving homotopy ˜ H : Z × I → N\A such that ˜ H(z,0) = h(z)
for all z ∈ Z and p ˜ H is E-close to H∗.W en eed to show that ˜ p ˜ H = (idA × γ) ◦ p ˜ H
is E-close to H = (idA × γ) ◦ H∗.T h e r e f o re, let (z0,t0) ∈ Z × I be given. Since p ˜ H is
E-close to H∗,t h e r eexists E ∈ E such that
p ˜ H(z0,t0),H∗(z0,t0) ∈ E.
Say E = N(x0,δ j) × (j − 1,j + 2) for some x0 ∈ A and j ∈{ 1,2,3,...}.T h e n
˜ p ˜ H(z0,t0),H(z0,t0) ∈ (idA × γ)(E) = N(x0,δ j) × (c(j − 1)/2,c(j + 2)/2).
We need an element of Uc,δ which contains N(x0,δ j) × (c(j − 1)/2,c(j + 2)/2). Recall
Uc,δ ={ N(x,δ i) × (t − c,t + c) | (x,t) ∈ A × [i − 1,i + 1] and i = 1,2,3,...}.24 BRUCE HUGHES
The interval (c(j − 1)/2,c(j + 2)/2) is of length 3c/2. Let t1 denote the midpoint of
that interval. If we can show that i − 1 ≤ t1 ≤ i + 1f o rsome i ∈{ 1,2,3,...} such that
i ≤ j,t h e nN(x0,δ j) ⊆ N(x0,δ i)a n d( c(j − 1)/2,c(j + 2)/2) ⊆ (t1 − c,t1 + c). Hence,
N(x0,δ i) × (t1 − c,t1 + c)w ould be the desired member of Uc,δ.T hus, we are reduced
to proving: there exists i ∈{ 1,2,3,...} such that i − 1 ≤ t1 ≤ i + 1a n di ≤ j. Noting
that t1 = (2cj+ c)/4a n dt h at [t1] (the greatest integer less than or equal to t1)i s
positive, we can let i = [t1] + 1. It follows easily from the facts 0<c<1a n dj ≥ 1t h a t
[t1] + 1 ≤ j.Thiscompletestheproofthat ˜ p : N\A → A × isastratiﬁedUc,δ-ﬁbration
over A × [1/2,+∞).
Deﬁne an isotopy γs :  → ,s ∈ I by
γs(t) =
 
t (t ≤ 0)
(1 − s)t + sct/2( t ≥ 0).
This induces a proper homotopy (idA × γs)p|(N\A):p| ˜ p,S ∈ I.M o r e o ver, ˜ p
extends via the identity A → A ×{ + ∞ } to a map ˆ p : N → A × (−∞,+∞]f o r
which there is a proper homotopy p|N   ˆ p rel A.B your choices of c and δ,
Lemma 7.2 implies that ˜ p is properly U1, -homotopic rel ˜ p−1(A × (−∞,0]) to a
map p  : N\A → A ×  which is a stratiﬁed approximate ﬁbration over A × [1,+∞).
Since limi→∞  i = 0, it follows that the homotopy ˜ p   p  extends to a homotopy
ˆ p   ˆ p  rel A ∪ ˜ p−1(A × (−∞,0]) where ˆ p  is the extension of p  to N via the identity
A → A ×{ + ∞ } .Itf ollowsthat ˆ p  givesthedesiredMSAFteardropstructureofAinX.
8. Applications. Several types of applications are presented in this section. These
should be viewed only as examples of the possibilities. For a fuller list of the types
of problems for which teardrop technology is suited, see [6]a n d[ 12]. Weinberger’s
book [24]d escribes the usefulness of teardrop neighborhoods for solving classiﬁcation
problems.
8.1 REPLACEMENT OF SINGULARITIES.W estudytheproblemofreplacingaminimal
stratumofamanifoldstratiﬁedspacebyanothermanifold(ormanifoldstratiﬁedspace)
without changing the complement. This is related to the problem of replacing ﬁxed
sets of group actions on manifolds addressed by Cappell and Weinberger [1]a n dit is
expected that this technique will have applications to topological locally linear actions.
THEOREM 8.1.1. Suppose X is a manifold stratiﬁed space with a compact minimal
stratum B and all strata of X\Ba r eo fdimension ≥ 5.L et Y be a manifold stratiﬁed
space such that there exists a MSAF p : B ×  → Y × .T hen there exists a manifold
stratiﬁed space Z containing Y as a closed union of strata such that X\B and Z\Ya r e
stratum preserving homeomorphic.
Proof. The pair (Z,Y)i sc onstructed as follows. Use the Main Theorem to ﬁnd an
open neighborhood U of B in X for which there is a MSAF f : U\B → B ×  making
U at eardrop neighborhood, X = (X\B) ∪ (U ∪f B). Then pf : U\B → Y ×  is an
MSAF and Z = (X\B) ∪ (U ∪pf Y)i sam a nifold stratiﬁed space by Theorem 3.1.
The pair (Z,Y)i sc a lled a blow down of (X,B). Simple examples occur when there
exists a manifold approximate ﬁbration f : B → Y.H o w e v e r ,i nt h a tc a s e ,Z is the
obvious quotient space of X induced by f.I np a r t i c u l a r ,w ecan always blow B down
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More interesting is the case when B does not ﬁber over Y in any nice way. For
example, suppose Y is a closed manifold with dimY = dimB ≥ 5a n dt h a tB and Y
are h-cobordant, but not homeomorphic. Then (as is well known) B ×  and Y × 
are homeomorphic and we can blow (X,B)d o w nt o( Z,Y).
8.2 NEIGHBORHOODS OF POINTS.P oints in Whitney stratiﬁed spaces have conical
neighborhoods that are of the form of an euclidean space cross the cone on a compact
space (see [4]). Siebenmann [22]u sed this property as his deﬁnition for locally conelike
topologically stratiﬁed spaces. Quinn’s manifold stratiﬁed spaces [19]h avec onical
neighborhoods up to homotopy. The next result describes up to homeomorphism
what neighborhoods of points look like in manifold stratiﬁed spaces. We offer two
different views of the neighborhoods.
THEOREM 8.2.1. Let X be a manifold stratiﬁed space containing a point x0 in a
stratum A with dimA = n.
(1) If A satisﬁes the compactness and dimension hypothesis in the Main Theorem,
then there exist a manifold stratiﬁed space M with an MSAF p : M → n+1 = n × 
and a stratum preserving open embedding h : M ∪p n → Xt hat carries n onto a
neighborhood of x0 in A and 0 onto x0.
(2) Ifn ≥ 5,thenthereexistamanifoldstratiﬁedspaceN withanMSAFr : N → 
and an open embedding g : N ∪r {+∞} → Xs u c ht hat g(+∞) = x0.
Proof. (1) By the Main Theorem A has an MSAF teardrop neighborhood in X;
say it is given by an MSAF ˜ p : ˜ M → A × .I fn is an euclidean neighborhood of x0
in A with 0 identiﬁed to x0,t h e np = ˜ p| : M = ˜ p−1(n × ) → n ×  is the desired
MSAF.
(2) If S ={ Xi} is the given stratiﬁcation of X,t h e nc onsider the new stratiﬁcation
obtained by introducing x0 as a stratum: S  ={ Xi | Xi  = A}∪{ A\x0}∪{ x0}.I fX with
the stratiﬁcation S  is a manifold stratiﬁed space, then the result follows from part (1)
applied to the stratum x0.I no rder to establish the required properties for S ,ﬁ rst note
that the forward tameness condition at x0 follows from [9,L e mma 5.2]. The only other
nontrivial property that requires veriﬁcation is the compact domination of the local
holink at x0 in S .
To this end we establish some notation. Note that we may assume that
A is a minimal stratum of X because the lower strata do not affect the
result. As usual q : holinks(X,A) → A is holink evaluation. Let F0 = holink(A,x0)
(which is homotopy equivalent to Sn−1)a n dlet F1 = q−1(x0). Let F2 ={ ω ∈
XI | ω is nearly stratum preserving and ω(t) = x0 if and only if t = 0}.O fc o u rse, F2
is just the local holink at x0 in S  and is what we need to show is compactly dominated
(in a stratum preserving way). Moreover, F1 is the local holink at x0 in the original
stratiﬁcation, so it is compactly dominated.
Let U be an open neighborhood of A in X for which there exists a nearly stratum
preservingdeformationd : U × I → X ofU toAinX relA(Theorem2.5(1)).LetF 
1 =
{ω ∈ F1 | Im(ω) ⊆ U} and F 
2 ={ ω ∈ F2 | Im(ω) ⊆ U}.T he usual shrinking arguments
(cf. [7], [19]) show that the inclusions F 
1 → F1 and F 
2 → F2 are stratum preserving
homotopyequivalences.Inparticular,F 
1 iscompactlydominatedanditsufﬁcestoshow
thatF 
2 iscompactlydominated.Letc(F 
1)denotetheconeonF 
1,([0,1] × F 
1)/{(0,σ) ∼
(0,σ )}.T h ev e r t e xis denoted v and the cone is given the teardrop topology (cf. [12]).
We willshowthatF0 × c(F 
1)dominatesF 
2 (inastratumpreservingwaytobeexplained
below). In order to deﬁne a map f : F 
2 → F0 × c(F 
1), ﬁrst let α : F 
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such that α−1(0) = F0.N o wdeﬁne f by
f(ω) =
 
(d1 ◦ ω,[α(ω),ω]) if ω ∈ F 
1
(d1 ◦ ω,v)i f ω ∈ F0.
Using properties of the teardrop topology, it is easy to verify that f is continuous.
In order to deﬁne a map g : F0 × c(F 
1) → F 
2,r ecall that q :P nsp(U,A) → A is a
stratiﬁed ﬁbration [7,T hm. 6.1] where Pnsp(U,A)d e notes the space of nearly stratum
preserving paths in U with initial point in A (see §5). Consider the following stratiﬁed
homotopy lifting problem:
F0 × F 
2 − − − −−→ Pnsp(U,A)
 
 
 
 q
F0 × I × F 
2 − − − −−→ A
where the top horizontal map is (ω,σ)  → σ and the bottom horizontal map is
(ω,s,σ)  → ω(s). Let G : F0 × I × F 
2 → Pnsp(U,A)b eastratum preserving solution.
In particular, G(ω,0,σ) = σ and G(ω,s,σ)(0) = ω(s). Deﬁne G  : F0 × I × F 
2 →
Pnsp(U,A)b yG (ω,s,σ)(t) = G(ω,t,σ)(st). It is easy to see that G  induces a function
g  : F0 × c(F 
2) → Pnsp(U,A)t hat would be continuous if the cone were given the
quotient topology. However, it need not be continuous in the teardrop topology, but
we now modify it so that it is. Using a partition of unity argument (cf. [12,L e mma 4.3])
construct a map ϕ : F0 × I × F 
2 × [0,1] → [0,1] such that ϕ(ω,t,σ,s) = 0i fonly if
s = 0, and such that
diam{G(ω,t,σ)(s ) | 0 ≤ s  ≤ ϕ(ω,t,σ,s)}≤s
for each (ω,t,σ,s). In particular, G(ω,t,σ)(stϕ(ω,t,σ,s)) is s-close to ω(t).
Now deﬁne ˜ G : F0 × I × F 
2 → Pnsp(U,A)b y
˜ G(ω,s,σ)(t) = G(ω,t,σ)(stϕ(ω,t,σ,s)).
Thefunctiong : F0 × c(F 
2) → Pnsp(U,A),(ω,[s,σ])  → ˜ G(ω,s,σ)inducedby ˜ Gisnow
continuous.
Deﬁne a homotopy H : F 
2 × I → F 
2 by
H(ω,u)(t) = ˜ G(d1 ◦ ω,ut,ω)((1 − u)t + uα(ω)t).
Thus, H0 = id and H1 = gf.I tonly remains to discuss the strata of F0 × c(F 
2). They
are of the form F0 ×{ v} or F0 × (0,1] × Z where Z is a stratum of F 
2.O n eobserves
that the compact domination of F0 × c(F 
2)r espects this stratiﬁcation, as does the
homotopy H.
Oneamusingconsequenceoftheresultaboveisthataninductivedeﬁnition(onthe
numberofstrata)ofmanifoldstratiﬁedspacescanbegiven,exceptforlowdimensional
uncertainties. One pleasing aspect of this deﬁnition is that it illustrates a striking
resemblance to Siebenmann’s deﬁnition [22].
More explicitly, a strong manifold stratiﬁed space with one stratum is a manifold.
Suppose k>1a n dt h a ts t r ong manifold stratiﬁed spaces with fewer than k strata have
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Frontier Condition and the Manifold Strata Property (2.3(4)) is a strong manifold
stratiﬁed space provided for each x ∈ X with x ∈ Xi, dimXi = n,t h e r eexist a strong
manifold stratiﬁed space Lx with fewer than k strata with an MSAF p : Lx → n+1 =
n ×  and a stratum preserving open embedding h : Lx ∪p n → X that carries n
onto a neighborhood of x in Xi and 0 onto x.
COROLLARY 8.2.2. Every strong manifold stratiﬁed space is a manifold stratiﬁed
space. Conversely, every manifold stratiﬁed space with at most one stratum of dimension
less than 5 is a strong manifold stratiﬁed space.
Proof. The ﬁrst statement follows from Theorem 3.1. The converse follows from
Theorem 8.2.1(1).
Foradiscussion of some of the low dimensional problems with manifold stratiﬁed
spaces, see Quinn [20], [21].
8.3 SPACES OF MANIFOLD STRATIFIED APPROXIMATE FIBRATIONS.T he following
result is parameterized version of the Stratiﬁed Sucking Theorem 4.2. For notation,
 k is the standard k-simplex. A map p : X ×  k → Y ×  k is ﬁber preserving if it
commutes with the projections to  k.
THEOREM8.3.1(ParametricStratiﬁedSucking). Suppose X isamanifold stratiﬁed
space with no strata of dimension less than 5, and Y is a manifold without boundary. For
everyopencoverα ofY ×  k,ther eexistsanopencoverβ ofY suchthatifp : X ×  k →
Y ×  k is a ﬁber preserving and for each t ∈  k,p t : X → Yi sap r oper stratiﬁed β-
ﬁbration,thenpisﬁberpreservingproperlyα-homotopictoamap ˜ p : X ×  k → Y ×  k
such that for each t ∈  k, ˜ pt : X → Yi sastratiﬁed manifold approximate ﬁbration.
Moreover, if pt : X → Yi sg iven to be a stratiﬁed manifold approximate ﬁbration for
each t ∈ ∂ k,t hen the homotopy p   ˜ pc a nbe required to be rel X × ∂ k.
Proof. One observes that the engulﬁng constructions in the proof of Theorem 4.2
imply a  k-parameter version of those constructions. The source for this is [5, §§2−5]
where Chapman’s unparameterized machine is made to work with parameters.
COROLLARY 8.3.2. Suppose X is a manifold stratiﬁed space with no strata of
dimension less than 5 and Y is a closed manifold. Then the space MSAF(X,Y) of
manifold stratiﬁed approximate ﬁbrations from X to Y is locally k-connected for each
k ≥ 0.
Proof. As in the unstratiﬁed case [5]t his follows directly from Theorem 8.3.1. One
also needs to consult [13, §13] to see how to eliminate the assumption in [5]t h a tY has
ah andlebody.
8.4 AL OOSE END.A ccording to Hughes and Ranicki [11,P r o p .17.20] every ANR
band is simple homotopy equivalent to one whose inﬁnite cyclic cover is proper
homotopic to an approximate ﬁbration. However, the proof relied on a stratiﬁed
sucking result promised by [6]. The missing result follows from Theorem 4.2 as the
ﬁnal proposition shows.
PROPOSITION 8.4.1. Suppose (M,∂M) is a manifold with boundary considered as a
manifoldstratiﬁedspacewithtwostrata:int(M)and∂M.Supposefurtherthatdim(M) ≥
6 and p : M →  is a proper stratiﬁed bounded ﬁbration (that is, a proper stratiﬁed
b-ﬁbration for some b>0).T hen p is boundedly homotopic to a manifold stratiﬁed
approximate ﬁbration.28 BRUCE HUGHES
Proof. This is a standard application of Theorem 4.2 (see [11,C o r .1 6 . 10]). The
ideaistofollowpby the map  → ,x  → x/L,f orsomelargeL>0.Thecomposition
M →  is a stratiﬁed  -ﬁbration for a small  >0. Constants  >0c a nb eused instead
of the open covers in Theorem 4.2 because of the homogeneous metric on .
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